Abstract. In this paper we study the ideal amenability of Banach algebras. Let A be a Banach algebra and let I be a closed two-sided ideal in A , A is I-weakly amenable if H 1 (A , I * ) = {0}. Further, A is ideally amenable if A is I-weakly amenable for every closed two-sided ideal I in A . We know that a continuous homomorphic image of an amenable Banach algebra is again amenable. We show that for ideal amenability the homomorphism property for suitable direct summands is true similar to weak amenability and we apply this result for ideal amenability of Banach algebras on locally compact groups.
Introduction
Let A be a Banach algebra, then A is amenable if H 1 (A, X * ) = {0} for each Banach A-module X; this definition was introduced by Johnson in [8] . The Banach algebra A is weakly amenable if H 1 (A, A * ) = {0}; this definition generalizes that introduced by Bade, Curtis and Dales [2] . Let A be a Banach algebra and let I be a closed two-sided ideal in A , A is I-weakly amenable if H 1 (A , I * ) = {0}. A is n-I-weakly amenable if H 1 (A , I (n) ) = {0}.
Further, A is ideally amenable if A is I-weakly amenable for every closed two-sided ideal I in A . This definition was introduced by Eshaghi Gordji and Yazdanpanah in [5] . In this paper we study the ideal amenability of group algebras for a locally compact group.
For example, it was shown in [8] that the group algebra L 1 (G) is amenable if and only if G is an amenable group, and in [9] that L 1 (G) is weakly amenable for each locally compact group G. We know that there exists a weakly amenable Banach algebra which is not ideally amenable, also every C * -algebra is ideally amenable [5] . We can not prove that for which locally compact group G, L 1 (G) is ideally amenable.
Let A be a Banach algebra. The subspace X of A * is left introverted if X * · X ⊆ X and X * by the following product is a Banach algebra [1] :
As in [11] we have the following theorems. 
is a weak * closed ideal of X * , also for each n ∈ X * and m ∈ Y ⊥ we have nm = 0.
In this paper we consider G to be a locally compact (topological) group. 
Let P: C 0 (G) −→ X N be the following linear map: 
ideal of M(G) contained in right annihilators of M(G). Let G be a locally compact group and f ∈ CB(G), then the right orbit of f is given by
As in [4] for a left introverted subspace X of PM p such that PF p ⊂ X ⊂ UC p we have as follows:
Ideal amenability
The concept of ideal amenability was introduced by Eshaghi Gordji and Yazdanpanah [5] . It is well-known that every C * -algebra is ideally amenable. A commutative Banach algebra is ideally amenable if and only if it is weakly amenable. Then ideal amenability is different from amenability. Let A be a non-unital non-weakly amenable Banach algebra. Then there exists non-inner derivation D: A → A * . Let A # be the unitization of A , then we define
A is a closed two-sided ideal of A # , therefore A # is not ideally amenable. On the other hand, we know that there exists a non-weakly amenable Banach algebra A such that A # is weakly amenable (see [10] ). Thus A # is an example of weakly amenable Banach algebra which is not ideally amenable.
Suppose that A is a Banach algebra and let X be A -bimodule. Let XA = { f a: f ∈ X, a ∈ A } and A X = {a f : a ∈ A , f ∈ X}. The space X is said to be factors on the left (resp. right) if X = XA (resp. X = A X), and X is neo-unital if X is a factor on both the left and the right. From Theorem 2.3 of [7] , we have the following.
Theorem 2.1. Let A be a Banach algebra with bounded approximate identity and let I be a codimension 1 closed two-sided ideal of
Let G be a discrete group, and let I 0 be a codimension 1 closed two-sided ideal of l 1 (G).
On the other hand, I 0 is weakly amenable (Prop. 4.2 of [7] ). Then by the above theorem l 1 (G) is I 0 -weakly amenable.
Let X, Y and Z be normed spaces and let f : X ×Y −→ Z be a continuous bilinear map,
( f * is a continuous bilinear map). Clearly, for each x ∈ X, the mapping z * −→ f * (z * , x): Z * −→ Y * is weak * -weak * continuous. Let f * * = ( f * ) * and f * * * = ( f * * ) * , then f * * * : X * * × Y * * −→ Z * * is the unique extension of f such that f * * * (·, y * * ):
Then f r is a continuous linear mapping from Y × X to Z. The map f is Arens regular whenever f * * * = f r * * * r . This is equivalent to the condition that the map f * * * (x * * , ·): Y * * −→ Z * * be weak * -weak * continuous for every x * * ∈ X * * . Let I be a closed two-sided ideal of A and π l : A × I −→ I and π r : I × A −→ I are the right and left module actions of A on I respectively. Then I * * is a A * * -bimodule with module actions π * * * l : A * * × I * * −→ I * * and π * Proof. Let (e α ) be a bounded approximate identity for A with cluster point E. Suppose that π r be Arens regular and let i ′′ ∈ I * * be the cluster point of (i β ) ((i β ) is a net in I). Then we have
Then for i ′ ∈ I * we have
Thus e α i ′ → i ′ weakly. Since e α i ′ ∈ A I * for every α, by the Cohen-Hewit factorization theorem we know that A I * is closed in I * , then i ′ ∈ A I * . Thus the proof of (i) is complete. For (ii), let i ′′ ∈ I * * be the cluster point of (i β ). For each β we know that Ei β = i β since π l is Arens regular, then e α i ′′ → Ei ′′ = i ′′ by weak * topology of I * * . Then for every i ′ ∈ I * ,
Therefore i ′ e α → i ′ weakly. Again by the Cohen-Hewit factorization theorem we conclude that I * factors on the left.
COROLLARY 2.4.

Let A be a Banach algebra with bounded approximate identity and let I be a codimension 1 closed two-sided ideal of A . If the module actions of A on I are Arens regular, then A is 2-I-weakly amenable if and only if I is 2-weakly amenable.
Ideal amenability and direct sum decompositions
We prove an elementary lemma about derivations and homomorphic images and apply this to ideal amenability for various algebras defined over locally compact groups. 
(i) for every closed two-sided ideal J in B, J ⊕ I is a closed two-sided ideal in A, (ii) if A is ideally amenable, then B is ideally amenable.
Proof.
(i) First we show that J ⊕I is a two-sided ideal in A. Let a = b+i ∈ A and x = j +i ′ ∈ J ⊕I since AI = {0}, then we have
Let e be a right unit element in A, then there exists b 1 ∈ B and i 1 ∈ I such that e = b 1 + i 1 . Then e = e 2 = e(b 1 + i 1 ) = eb 1 and b 1 is a right unit element for A. But B is unital, and so b 1 = 1 B . Let 1 B = M and j + i ∈ J + I, then we have 
A is ideally amenable and by (i), J ⊕ I is a closed two-sided ideal in A. Then there exists ξ ∈ (J ⊕ I) * such thatD = δ ξ , and let η = ξ | J , then for b ∈ B and j ∈ J we have
Therefore D = δ η and B is ideally amenable. Proof. Let A * be the pre-dual of A . Then it is easy to see that A * * = A ⊕ (A * ) ⊥ (see, for example, [3] or [6] ). On the other hand A has bounded approximate identity, then A * * has right identity. By lemma the ideal amenability of A * * implies that A is also ideally amenable.
We know that M(G) is a dual Banach algebra (with pre-dual C 0 (G)). Thus by Corollary 3.2, M(G) is ideally amenable whenever M(G) * * is ideally amenable. Let E be a right identity of L 1 (G) * * with E ≥ 0 and E = 1, then we have the isomorphism EL 1 (G) * * ≃ LUC(G) * and we have the decomposition
where (I − E)L 1 (G) * * is continued in the right annihilators of L 1 (G) * * . So we have the decomposition LUC(G) * = M(G) ⊕C 0 (G) ⊥ where C 0 (G) ⊥ is a closed ideal in LUC(G) * and contained in the right annihilators of LUC(G) * (see, for example, [11] 
